Strategies for a Certain Type of Geometric Problems Solvable without Calculations  by Vondrová, Naďa & Divišová, Barbora
 Procedia - Social and Behavioral Sciences  93 ( 2013 )  400 – 404 
1877-0428 © 2013 The Authors. Published by Elsevier Ltd. Open access under CC BY-NC-ND license.
Selection and peer review under responsibility of Prof. Dr. Ferhan Odabaşı
doi: 10.1016/j.sbspro.2013.09.211 
ScienceDirect
3rd World Conference on Learning, Teaching and Educational Leadership – WCLTA 2012 
Strategies for a certain type of geometric problems solvable without 
calculations  
Naďa Vondrováa*, Barbora Divišováb  
a Faculty of Education, Charles University in Prague, M. D. Rettigové 4, Praha 1, 116 39, Czech Republic 
bSecondary Grammar School of J. Guth-Jarkovský, Truhlářská 22, Praha 1, Czech Republic 
Abstract 
The article concerns pupils’ strategies for a geometric problem effectively solvable without calculations. The problem was solved 
by 125 pupils (aged 12 – 17) whose work was analysed using techniques of grounded theory. Three types of solving steps were 
identified: geometric in theoretical space, geometric in spatio-graphic space, calculation. Spatio-graphic steps were used even by 
older pupils. Calculations were more frequent in the older group (mainly girls who were less successful than older boys and 
younger girls). The younger pupils used spatio-graphic solutions more often than theoretical. The older pupils were more 
successful than the younger ones but not significantly. 
Selection and peer review under responsibility of Prof Dr. Ferhan Odabasi
Available online at www.sciencedirect.com
© 2013 The Authors. Published by Elsevier Ltd. Open access under CC BY-NC-N  license.
Selection and peer review under responsibility of Prof. Dr. Ferhan Odabaşı
1. Introduction 
In our teaching, we have observed that pupils often prefer a more complex algebraic solution (e.g., via formulas) 
to a simple geometric one (if it exists). Moreover, the more mathematical knowledge they acquire the more 
complicated solutions they often opt for. Is it possible that the knowledge of algebraic procedures functions as an 
obstacle? We decided to look into this problem more deeply.  
The focus of our research is one type of geometric problems which we called (geometric) problems effectively 
solvable without algebraic calculations (here WAC problems) which we characterise as follows: (1) They are given 
via a picture or in words in such a way that they can easily be re-formulated with a picture. (2) They include some 
known parameters, numbers or letters, or their assignment creates an impression that these parameters could be 
found (e.g., the problem is assigned on grid paper). (3) They ask for a numerical or algebraic expression of the 
unknown value (length, area, ratio, etc.). (4) They can be solved with a strategy not grounded in calculations 
(algebraic).  In other words, the problems ask for some geometric consideration which substantially simplifies their 
solution. Three examples of WAC problems are given below (Fig. 1a, Fig. 2, Section 5). 
Our research questions are: What are pupils’ solving strategies for WAC problems? Are these strategies age 
related? How prominent are strategies of calculation (including the use of formulas) as opposed to geometric 
strategies? 
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2.  Theoretical background 
Duval (2006) says that “in order to do any mathematical activity semiotic representations must be necessarily 
used”, however, on the other hand, “the mathematical objects must never be confused with the semiotic 
representations that are used” (p. 107). Therefore, at least two systems of representation must be used when solving 
problems in geometry – “one for verbal expression of properties or for numerical expression of magnitude and the 
other for visualization” (p. 108). Pupils are expected to switch between the two systems. Moreover, pictures in 
geometry have a double role (Laborde, 2005): “On the one hand, they refer to theoretical geometric properties, while 
on the other, they offer spatio-graphical properties that can give rise to a student’s perceptual activity.” (p. 159) 
According to Laborde (2005), the domain of geometric objects and relations (T as theoretical) includes activities 
which refer to properties of ideal geometric objects and geometric theorems, and the domain of spatio-graphic 
entities (SG) includes actions such as drawing, moving a picture, estimation of length, etc. The same picture can 
represent both an abstract geometric object and its concrete case. For example, a line drawn on paper can be a line 
segment of a certain length or even of a certain position, or a line segment of any length. It depends on the context 
such as the wording whether the first or the second meaning is appropriate (Mesquita, 1998).  
A successful solver of WAC problems must be able to “see” in the picture; to divide a visual picture into simpler 
parts and to connect them again in a new whole (Brown & Wheatley, 1997) or, in other words, to distinguish partial 
configurations in the picture and decide which ones are the right ones. Consider the problem from the French 
national assessment: “On the figure sketched freehand here […] are represented a rectangle ABCD and a circle with 
centre A, passing through D. Find the length of segment EB.” (Fig. 1a). The partial configurations can be the ones 
labelled (A) (Fig. 1b) or (B), while only (B) leads to a correct solution. 
 
 
(a)                                    (b) 
 
Figure 1. (Duval, 2006, p. 117 and 118) 
3.  Methodology 
As a result of a pilot study, three WAC problems were selected allowing for various solving approaches and 
solvable by pupils of different ages (see Divišová & Stehlíková, 2010). In the first phase of the main study, semi-
structured interviews were conducted with 9 pupils aged 12 to 18 while solving the three WAC problems to get an 
insight into their solving strategies (see Divišová & Stehlíková, 2011). One of the problems was selected for the 
second stage, which is the focus of this paper. The problem is as follows (Fig. 2): The figure shows a circle and 
rectangle SABC, where S is the centre of the circle and B lies on the circle. Find the distance of A and C, if we know 
the lengths of SA and AD. Justify your solution.  
The T geometric solution lies in distinguishing rectangle SABC, which is not difficult in this case as the 
assignment of the problem points to it. However, there are other partial configurations to be seen (such as a quarter 
circle, triangle SAC and ACB or even ADB). The pupil must realise which configuration is the right one. The length 
of the diagonal SB is known (it is the radius of the circle) and thus the length of AC can be found. The picture has a 
heuristic role here (Mesquita, 1998), because diagonal AC, already drawn in the picture, provides a hint that the 
other diagonal BS could be drawn.  
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The problem was given in a written form to 125 pupils of the age of 12 -18 in five classes; the numbers of pupils 
in each class are given in brackets in Tab. 1. Class Z.8.A is a class from an ordinary primary school, and the others 
are classes of an eight year secondary grammar school (for which the pupils are selected according to their 
performance in mathematics, too).  
Figure 2. WAC problem used in the research 
 
The qualitative analysis of interviews with pupils from the first stage of the main study as well as of written 
solutions in the second stage was carried out using the techniques based on grounded theory (Strauss & Corbin, 
1998). Except for the T geometric strategy (described above), two other types of strategic steps were distinguished: 
SG geometric ones and of calculation (coded C in Fig. 3). SG geometric strategic steps led to imprecise solutions or 
were dead ends, and included codes (the numbers in brackets are the frequency):  mental manipulation with the 
picture (1), comparing the lengths of segments (16), re-drawing of the picture (10), visual estimation of the lengths 
of segments (2). Strategic steps of calculations included: using formulas (24), wrong use of Pythagoras’s theorem 
(3), random calculation (2). Examples of the strategic steps are in section four. 
Next, the pupils were divided into age groups: group A consisted of classes G.I.A and G.II.B (younger pupils), 
and group B of classes G.IV.A and G.VI.A (older pupils). Class Z.8.A was excluded as it was from a different type 
of school and as we wanted the groups to be further apart in terms of age. Solutions of pupils from the two groups 
were compared in terms of success rates, the distribution of different types of strategic steps, and the presence of 
calculations. Pearson chi-square was used for contingency tables to find out at the 5% significance level whether we 
could refuse the independency of characteristics of solving processes on the respective group. In other words, we 
wanted to see whether the differences between the characteristics of solutions of the two groups are statistically 
significant.  
4.  Results 
The success rates for all the classes are in Tab. 1. As could be expected, the least successful ones were the 
youngest and class Z.8.A. The pupils’ solution was not straightforward: before arriving at T geometric solution, they 
often tried different solving steps. Tab. 1 shows the distribution of T, SG and C strategic steps in classes.  
 
Table 1. Distribution of T, SG and C steps in the solution of pupils from all classes  
 
 G.I.A (30) G.II.B (27) Z.8.A (19) G.IV.A (27) G.VI.A (22) 
Success rate 60 % 89 % 61 % 78 % 86 % 
T Geometric steps 24 % 56 % 35 % 48 % 60 % 
SG Geometric steps 52 % 38 %   6 % 38 % 10 % 
 C Calculations 24 %   6 % 59 % 14 % 30 % 
Let us now look at the steps which appeared more times. Comparing the lengths of segments was done by taking 
a compass or even a piece of paper and manually comparing the lengths of AC and SD. Then the pupils concluded 
without a proper theoretical justification that the segments had the same lengths. In class G.IV.A, ten pupils re-drew 
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the picture to scale and then measured segment SB. The reason why this appeared at all and only in one class is 
unclear. Maybe one of the pupils started using construction tools and the others could see it. Or they may have 
solved a similar task. In terms of an algebraic solution, the pupils mostly used Pythagoras’s theorem for the 
hypotenuse of the triangle, the younger ones also used the formula for the area of rectangle. Most of them found out 
that they did not have the needed numbers to use the formulas. Some of them estimated the lengths first and then 
substituted the numbers into the formulas.  
In terms of age differences, for group A, the success rate is 72 % and for group B, 80 %. Fig. 3 shows the 
percentage of strategic steps for the two groups and the same for girls and boys. T geometric solution is significantly 
higher in group B – this chimes with the fact that older pupils are taught more theoretical geometry. However, even 
group B pupils show quite a high percentage of SG geometric steps. The higher use of calculations for group B is 
not statistically significant. The significant difference between boys and girls is in the use of calculations – older 
girls tend to use calculations more. However, in group A the situation is comparable between boys and girls. In both 
groups, boys have a slightly higher tendency to use T geometric solution than girls. 
 
 
Figure 3. Distribution of C, SG and T steps in the solution of younger (Group A) and older pupils (Group B) 
 
Next, we considered whether the pupils tried to use formulas in some part of their solutions at all (Tab. 2). The 
difference between group A and group B is statistically significant. Older pupils have a stronger tendency to solve 
the problem with formulas. Their success rate, however, is 9 % higher than group A pupils’, which shows that they 
learn a lesson from their mistakes and move towards a geometric solution. In group A, only girls use the formulas; 
however, they are more successful than the boys. It is interesting that girls from group B use formulas significantly 
more than boys and are significantly less successful than boys from the same group but also than younger girls. 
They may consider using formulas and calculations to be a more mathematical solution. 
 
Table 2. Formulas used in the pupils’ solutions 
 
 Group A Group B Group A girls Group A boys Group B girls Group B boys 
Only geometric steps 93 % 73 % 88 % 100 % 60 % 83 % 
Formulas 7 % 27 % 12 % 0 % 40 % 17 % 
5.  Discussion and conclusions 
We pointed out one type of geometric problems, namely problems which are effectively solvable without 
calculations and with geometric means. Three approaches to the solution of one WAC problem were found: a 
correct mathematical solution in a theoretical geometric space, an approximate geometric solution in a spatio-
graphic space, a calculation solution. We determined that older pupils had a tendency to at least start with a 
calculation solution using some formula which they chose according to surface characteristics of the picture. This 
tendency was most prominent for older girls who were even less successful than younger girls. The cause may be 
that school geometry emphasises calculation problems at the expense of conceptual understanding (Kospentaris, 
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Spyrou & Lappas, 2011). Similar results were reached by Chinnappan (1998) who used a problem which we would 
term a WAC one in an interview with 30 Grade 10 pupils. The problem was solvable by at least 4 solving strategies, 
including geometric, but the geometric one was not used by pupils at all. Most of them used trigonometry relations. 
Kuřina (2011) used the task: to construct a regular 12-gon inscribed in a circle with radius r and to determine its 
area. He shows a simple solution based on the geometric consideration: a 12-gon consists of 12 isosceles triangles 
whose sides make an angle of 30°. No trigonometry is needed. When he gave the problem to student teachers and 
practising teachers, most of them did not realize this and used complex trigonometric solutions. He concludes that 
the wider range of mathematical knowledge does not have to lead to a more elegant solution. 
As for the T geometric solution, it was least used by youngest pupils and pupils from Z.8.A. They are still rooted 
in SG space and not ready to move to T space. SG geometric strategic steps appeared even in older pupils’ solutions 
where a more theoretical approach could be expected. It appears that some pupils stay on the SG level even when 
they are taught theoretical geometry. These pupils use SG steps not only in the phase of gaining an insight into the 
problem, but also in the phase of presenting their solution. They do not distinguish the double role of pictures in 
geometry (Laborde, 2005). This is in line with results of the French national assessment in which the problem from 
Fig. 1 (left) was used in two consecutive years (Duval, 2006). Only a small percentage of pupils provided T 
Geometric explanation (9 %, 22,2 % resp.). 42 %, 40 % resp., of pupils’ answers were based on measuring or 
estimation, that is, SG space.  
Being able to distinguish partial configurations in the picture and choose the appropriate ones is not trivial. About 
20 % of pupils in our study failed this. Similarly, most pupils in Kuřina’s research (2011) were unsuccessful when 
solving the following WAC problem: The diagonals of trapezium ABCD with base AB intersect in point U. Do 
triangles AUD and BCU have the same area? Justify. The geometric consideration is based on the fact that the 
triangles with the same lengths of base and of heights have the same area but it is necessary that one is able to 
distinguish not only the above triangles but also ABD, ABC and ABU. From the total of 140 secondary pupils, 74 % 
did not solve the problem at all and only 10 % gave a correct solution.  
To conclude, more research is needed into which WAC problems are used to find out what influences the ability 
to “see” in geometry, what difficulties pupils have, and what interventions are needed to develop this ability. 
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